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LINEARSYSTEMSOFEQUATIONS

Many simulations in scientific problems require solving a linear 
system of equations,ὃὼ ὦ.

NXN matrix 
often sparse
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NX1 column vector of 
unknown 

wŜǇǊŜǎŜƴǘǎ ǿƘŀǘŜǾŜǊ ƛǎ άŘǊƛǾƛƴƎέ 
the problem, e.g. boundary 

conditions, remote sources, etc.

Sparse A



ÅLinear system solver classification:
ÅDirect solvers
Å Iterative solvers

ÅSteps to factorizing a sparse matrix and solving a linear 
system using a direct method: Cholesky(A=LLT), triangular 
solver (Lx=b)

SYMBOLICANALYSISIN SPARSEMATRIXSOLVERS
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Ordering
Symbolic 
Analysis

Numerical
Manipulation

Solve

- Approximate 
Minimum Degree 
- Nested Dissection 

- L factor sparsity 
pattern
- Supernodedetection

- Factorization
- Pivoting

- Triangular Solvers 



The sparsitypatterns in many applications such as power 
modeling, animation, and circuit simulation often remain static 
for a period of time since the structure arises from the physical 
topology of the underlying system, the discretization, and the 
governing equations.

STATICSPARSITYPATTERNS
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Sympilergenerates optimized code for a static 
sparsitypattern by doing symbolic analysis at 
compile-time.



LIBRARYVS. SYMPILER

CODESFORSPARSETRIANGULARSOLVE
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x=b; 
x[0] /= Lx[0]; // Peel
for(p = 1; p < 3; p++)

x[Li[p]] - = Lx[p] * x[0];

for( px=1;px<3;px++){
j= reachSet [ px];x[j]/=Lx[ Lp[j]];

for(p= Lp[j]+1;p< Lp[j+1];p++)
x[Li[p]] - =Lx[p]*x[j];}

x[7] /= Lx[20]; // Peel
for(p = 21; p < 23; p++)

x[Li[p]] - = Lx[p] * x[7];

for( px=4;px< reachSetSize;px ++){
j= reachSet [ px];x[j]/=Lx[ Lp[j]];

for(p= Lp[j]+1;p< Lp[j+1];p++)
x[Li[p]] - =Lx[p]*x[j];

}

int top=Reach( Lp,Li,x,stack ); 

for ( px=top; px>0; px-- ) { 

j=stack[ px] ;

x[j]/=Lx[ Lp[j]]

p=Lp[j]+1;

for (; p< Lp[j+1]; p++)

x[Li[p]] - =Lx[p]*x[j];

}    

Library
Sympiler

Symbolic analysis coupled with the 
numerical code

Sympiler-optimized numerical code
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CHOLESKYNUMERICPERFORMANCE: STANDARD

LIBRARY

¢ƘŜ ōƭǳŜ ōŀǊ ǎƘƻǿǎ ǘƘŜ ǇŜǊŦƻǊƳŀƴŎŜ ŦƻǊ 9ƛƎŜƴΩǎ ƴǳƳŜǊƛŎ ŎƻŘŜ ŦƻǊ ǎŜƭŜŎǘŜŘ 
benchmarks. 
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CHOLESKYNUMERICPERFORMANCE: SYMPILER

The red bar shows {ȅƳǇƛƭŜǊΩǎadded performance by generating optimized 
code for a static sparsity. 
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SYMPILER: A DOMAIN-SPECIFICCOMPILERFOR

SPARSEDIRECTSOLVERS

Sympileris a domain-specific compiler for generating high-
performance code for direct sparse solvers
ÅThe user provides the sparsityand type of solver as inputs.
ÅSympilerdecouples symbolic informationfrom numerical 

computation at compile-time to generate optimized code.

Example: Find the solution to ὼ,ὒὼ ὦwhere ὒis sparse lower 
triangular matrix. 
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SOLVINGA SPARSETRIANGULARSYSTEM

Solve Lx=bwith Lunit lower triangular; L, x, b are sparse.

Adapted from ά5ƛǊŜŎǘ aŜǘƘƻŘǎ ŦƻǊ {ǇŀǊǎŜ [ƛƴŜŀǊ {ȅǎǘŜƳǎέΤ ¢ƛƳ 5ŀǾƛǎΤ {L!aΣ нллсΦ
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SYMBOLICANALYSISIN

SPARSETRIANGULARSYSTEMSOLVER
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SYMBOLICANALYSISIN

SPARSETRIANGULARSYSTEMSOLVER

Depth First Search (DFS)
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TRANSFORMINGTHESPARSECODE

for (j=0; j<n; j++ ){

x[j]/=Lx[ Lp[j]];

for (p= Lp[j]+1; p< Lp[j+1]; p++)
x[Li[p]] - =Lx[p]*x[j];

}    

Standard Code
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for (j=0; j<n; j++ ){

x[j]/=Lx[ Lp[j]];

for (p= Lp[j]+1; p< Lp[j+1]; p++)
x[Li[p]] - =Lx[p]*x[j];

}    

for ( px=0; px<RSsize ; px++) { 

j= reachset [ px];

x[j]/=Lx[ Lp[j]]

p=Lp[j]+1;

for (; p< Lp[j+1]; p++)

x[Li[p]] - =Lx[p]*x[j];

}    

Standard Code
Symbolically-Guided Code

Reachset= {6,1,7,8,9, 10}

TRANSFORMINGTHESPARSECODE
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for ( px=0; px<RSsize ; px++) { 

j= reachset [ px];

x[j]/=Lx[ Lp[j]]

p=Lp[j]+1;

for (; p< Lp[j+1]; p++)

x[Li[p]] - =Lx[p]*x[j];

}    

Symbolically-Guided Code

TRANSFORMINGTHESPARSECODE
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for ( px=0; px<RSsize ; px++) { 

j= reachset [ px];

x[j]/=Lx[ Lp[j]]

p=Lp[j]+1;

for (; p< Lp[j+1]; p++)

x[Li[p]] - =Lx[p]*x[j];

}    

Symbolically-Guided Code
Optimized Code

Peel

x=b; 
x[0] /= Lx[0]; // Peel col 0
for(p = 1; p < 3; p++)

x[Li[p]] - = Lx[p] * x[0];

for( px=1;px<3;px++){
j= reachSet [ px];x[j]/=Lx[ Lp[j]];

for(p= Lp[j]+1;p< Lp[j+1];p++)
x[Li[p]] - =Lx[p]*x[j];}

x[7] /= Lx[20]; // Peel col 7
for(p = 21; p < 23; p++)

x[Li[p]] - = Lx[p] * x[7];

for( px=4;px< reachSetSize;px ++){
j= reachSet [ px];x[j]/=Lx[ Lp[j]];

for(p= Lp[j]+1;p< Lp[j+1];p++)
x[Li[p]] - =Lx[p]*x[j];

}

TRANSFORMINGTHESPARSECODE


